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A recently published report has called into question the validity of the equivalence the-
orem in dynamically broken gauge theories in which the fermions making up the symmetry
breaking condensate lie in an anomalous representation of the broken gauge group. Such
a situation can occur if the gauge anomaly is cancelled by another sector of the theory.
Using the example of the one family Standard Model without scalar Higgs structure, we
analyze a low energy effective theory which preserves the symmetries of the fundamental
theory and demonstrate the validity of the equivalence theorem in this class of models.
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1. Introduction
Recently, Donoghue and Tandean[1] have discussed models of dynamical gauge sym-
metry breaking in which the fermions that participate in the symmetry breaking conden-
sate lie in an anomalous representation of the broken symmetry. To preserve the gauge
symmetry in the quantized theory there must be no net gauge anomaly.[2] Therefore there
must also be additional fermions which cancel the gauge anomaly but do not take part
in the condensate. They conclude that the equivalence theorem,[3] [4] which relates the
scattering amplitudes of high-energy (E ≫ M) longitudinal gauge bosons to those of the
unphysical would-be Goldstone bosons, is invalid in such a theory. Specifically, they find
that there is a non-zero scattering amplitude for the production of would-be Goldstone
bosons via the Wess-Zumino anomaly interaction, while the production of gauge bosons,
longitudinal or otherwise, through fermion triangle diagrams is forbidden by the anomaly
cancellation condition.
This result would be quite disturbing, since the equivalence theorem is proven[3] to
follow from the BRS[5] identities of the theory.⋆ In this paper, we resolve the apparent
paradox by showing that the anomaly cancellation condition does not imply that the pro-
duction of gauge bosons via fermion triangle diagrams must vanish. Anomaly cancellation
guarantees gauge invariance and causes the mass-independent pieces of the triangle dia-
grams to cancel one another. The mass dependent pieces are not constrained to cancel and
in general do not cancel except when the fermion masses are equal. When the interactions
of the would-be Goldstone bosons are properly formulated (i.e. such that the symmetries
of the full theory, such as gauge invariance, are conserved), would-be Goldstone boson
production is consistent with gauge boson production so that the equivalence theorem is
indeed valid in anomalous condensate models.
2. A Toy Model
Let us carefully construct a simple theory that accomplishes spontaneous gauge sym-
metry breaking via an anomalous condensate. We consider a theory with the gauge struc-
ture of the Standard Model, a single family of fermions, and nothing else. In particular,
there is no scalar Higgs sector to break the electroweak symmetry and give masses to the
⋆ The existing proofs of the equivalence theorem are all in the context of a Higgs theory, but
the proof can be carried over to a low energy effective field theory.[6]
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gauge bosons or the fermions. Thus, the electroweak symmetry is broken dynamically, as
in technicolor models, by the spontaneous chiral symmetry breakdown of QCD.[7]
The Lagrangian for our theory is:
L = −
1
4
GaµνGaµν −
1
4
W iµνW iµν −
1
4
BµνBµν
+qLi /DqL + qRi /DqR + lLi /DlL + eRi /DeR,
(2.1)
where Gaµν , W
i
µν and Bµν are the QCD, SU(2)L, and hypercharge field strength tensors,
respectively and
q =
(u
d
)
, l =
(ν
e
)
,
Dµ = ∂µ − ig3G
a
µ
λa
2
− ig2W
i
µ
σiL
2
− ig1BµY
(2.2)
where λa acts only on the color triplet quarks, L is the left chirality projection operator,
L = 1−γ5
2
, and Y represents the usual Standard Model hypercharge quantum number for
each fermion species.
Being massless, the quarks exhibit an exact SU(2)L ⊗ SU(2)R chiral symmetry. At
scale Λχ, a fermion condensate forms with a non-zero vacuum expectation value,
〈uu+ dd〉 6= 0, (2.3)
which breaks the SU(2)L ⊗ SU(2)R symmetry down to SU(2)V . Associated with this
symmetry breakdown are three Goldstone bosons, the pions, one for each broken symmetry
generator.
The pions transform under a nonlinear representation of SU(2)L ⊗ SU(2)R, form-
ing a (linear) triplet representation of the unbroken SU(2)V symmetry, but transforming
nonlinearly under the broken axial SU(2)A. All such nonlinear realizations are physically
equivalent[8] and their interactions are described by the so-called chiral Lagrangian, which
may be written as
LGB =
F 2π
4
Tr
DµΣ†DµΣ+ . . . (2.4)
where
Σ = exp
(
i
σ · pi
Fπ
)
,
DµΣ = ∂µΣ− ig2W
i
µ
σi
2
Σ+ ig1BµΣ
σ3
2
,
(2.5)
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the πi’s are the pion fields, the σi’s are the Pauli matrices, and Fπ, called the pion decay
constant, is the strength of the coupling of the pions to the axial SU(2)A currents,
〈
0
∣∣J iµ∣∣πj(q)〉 = iFπqµδij . (2.6)
Under SU(2)L ⊗ SU(2)R transformations, Σ transforms as
Σ 7−→ LΣR†. (2.7)
The ellipses in equation (2.4) indicate terms that involve higher covariant derivatives and
are assumed to be small at low energy.
In addition to pion kinetic terms and multi-pion interaction terms, we find that LGB
includes vector boson mass terms and gauge boson – pion mixing terms which are ex-
actly those found in the Standard Model with Fπ taking the place of the Higgs vacuum
expectation value v and the pions serving as the would-be Goldstone bosons. Thus the
pions are not physical degrees of freedom, but are absorbed into the gauge bosons via the
Higgs mechanism. Since the vector mass terms have changed in scale only (v → Fπ), the
Weinberg angle, parameterizing the mixing of W 3 and B into γ and Z as well as the W
to Z mass ratio, is the same as in the Standard Model.
3. Chiral Quarks
The quarks participate in the condensate and acquire mass through their coupling to
it. Below the chiral symmetry breaking scale, Λχ, the quark Lagrangian may be written[9]
[10] as
Lq = qLi /DqL + qRi /DqR −mQ
(
qLΣqR + qRΣ
†qL
)
+ . . . (3.1)
Upon expanding Σ in powers of π, one sees that the zeroth order term is the mass term for
the quarks. This mass, mQ, is called the constituent mass of the quarks and is expected
to be of the same order of magnitude as the chiral symmetry breaking scale Λχ.
The Lagrangian in equation (3.1) gives us a perfectly good description of the low
energy quark interactions, but does not explicitly exhibit decoupling of the massive quarks
from very low energy (s≪ m2Q) processes. For instance, the coupling of two vector currents
to the pseudoscalar pions via quark triangle diagrams (VVP triangles), does not vanish for
s≪ m2Q, even in the limit that mQ approaches infinity.[11] Gauge invariance forbids quark
decoupling; the leptons carry an anomalous gauge dependence which is exactly cancelled
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by the anomalous gauge dependence of the quarks. If the quarks decoupled, there would
be nothing to cancel the gauge dependence of the leptons. It is possible to write the
Lagrangian in a form such that the quarks can be decoupled,[12] but there are subtleties
involved and we will examine the procedure carefully. (We follow here the work of Manohar
and Moore.[10])
The anomalous gauge dependence of the quark Lagrangian in equation (3.1) is tied to
the fact that the left- and right-handed quarks transform independently under SU(2)L ⊗
SU(2)R rotations:
qL 7−→ LqL, qR 7−→ RqR. (3.2)
However, it is possible to define a new basis for the quarks so that both left- and right-
handed fields transform in the same way. To that end, we define the matrix ξ as
ξ2 ≡ Σ. (3.3)
Under chiral rotations, ξ transforms as
ξ 7−→ LξU †(x) = U(x)ξR†, (3.4)
where U(x) is a unitary matrix implicitly defined by the above equations. Using ξ one
may rotate the quarks to a new basis Q, defined by
QL = ξ
†qL, QR = ξqR (3.5)
which transform as
QL,R 7−→ U(x)QL,R. (3.6)
We define vector and axial vector fields as
Vµ =
1
2
(
ξ(Dµξ
†) + ξ†(Dµξ)
)
, Aµ =
i
2
(
ξ(Dµξ
†)− ξ†(Dµξ)
)
, (3.7)
where
Dµξ ≡ ∂µξ − ig2W
i
µ
σi
2
ξ − ig1Bµ
1
6
ξ, Dµξ
† ≡ ∂µξ
† − ig1Bµ
(
1
6
+
σ3
2
)
ξ†. (3.8)
which transform as
Vµ 7−→ UVµU
† + U∂µU
†, Aµ 7−→ UAµU
†. (3.9)
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In this notation, the Goldstone boson Lagrangian is written as
LGB =
F 2π
4
Tr (AµAµ)+ . . . (3.10)
and the quark Lagrangian as
LQ = Q
(
i /DQ −mQ
)
Q+Q /Aγ5Q+ . . . ,
where
DQµQ =
(
∂µ − ig3G
a
µ
λa
2
+ Vµ
)
Q. (3.11)
The Lagrangian in equation (3.1) and the above expression for LQ are not equivalent.
Since QL and QR transform in the same way, LQ is not anomalous under local chiral
SU(2)L ⊗ SU(2)R rotations and since electroweak gauge rotations are simply a subset
of these local chiral rotations, LQ has no anomalous gauge dependence. Somehow, in
changing quark bases, we seem to have lost the anomalous gauge dependence that we
need so that the complete theory is gauge invariant. This apparent paradox arises because
the change of variables from q to Q changes the measure of the path integral, requiring a
non-trivial Jacobian factor. This Jacobian factor carries the anomalous gauge dependence.
A change in the measure of the path integral is difficult to incorporate in a pertur-
bative expansion. So, just as we move the gauge fixing condition and the Fadeev-Popov
determinant out of the measure of the path integral and into the effective Lagrangian,
here too we add a new term to the Lagrangian which exactly compensates for the change
in measure induced by the quark rotation. This compensating term is the Wess-Zumino
anomaly term,[13] which for the case at hand is
LWZ =
1
16π2
εµνρσ
{
Bµ∂νBρTr
σ3
2
(
Σ† (Wσ + Lσ)Σ−Wσ
)
+∂µBνTr (WρLσ)−
1
3
BµTr (LνLρLσ)
}
,
(3.12)
with Lµ =
(
∂µΣ
)
Σ†, Wµ = −ig2W
i
µ
σi
2
and Bµ = −ig1Bµ.
Thus, our complete low-energy Lagrangian is:
L = −
1
4
W iµνW iµν −
1
4
BµνBµν +
F 2π
4
Tr (AµAµ)+ Lgf + lLi /DlL + eRi /DeR
+Q
(
i /DQ −mQ
)
Q+Q /Aγ5Q+ LWZ + . . . ,
(3.13)
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where Lgf contains the gauge fixing and Fadeev-Popov ghost terms necessary for gauge
field quantization. (We assume, of course, that electroweak gauge fixing is accomplished
through a “ξ-gauge” condition,[14] Lgf =
1
2ξ
(
∂µA
µ − ξMπ
)2
, in which we know how to
prove the equivalence theorem.) The quarks now have derivative couplings to the pions and
thus the VVP triangles connecting pions to vector currents in the q basis are replaced by
Vector – Vector – Axial vector (VVA) triangles and gauge – Goldstone contact interactions
in the Wess-Zumino term. The VVA triangles, and all other terms explicitly involving
quarks, decouple as the quark mass is taken to infinity. The Wess-Zumino term does not
explicitly involve the quarks and does not decouple. It cannot decouple because it is not
gauge invariant. In the q basis, the quarks cannot decouple because they must cancel
the anomalous gauge dependence of the leptons. In the Q basis, the Wess-Zumino term
balances the gauge dependence of the leptons; the Q quarks are gauge invariant and there
is no obstacle to their decoupling. We can directly integrate out the quarks in the Q basis
but not in the q basis.
4. The Equivalence Theorem
The simplest process involving the anomaly which one might investigate is the well
known decay π0 −→ γγ, and its analog through the equivalence theorem ZL −→ γγ. This
process, however, is not an appropriate test of the equivalence theorem which is explicitly
formulated to be valid for high energy processes (E ≫ MW,Z), and relies upon the fact
that the longitudinal polarization vector for fast moving gauge bosons is approximately
proportional to the momentum of the particle. This approximation is clearly invalid in the
rest frame.
Let us therefore examine a process where we can produce energetic gauge bosons such
as ν + ν −→ ZL + γ. This process provides a particularly clean example to study as the
more realistic process e+ + e− −→ ZL + γ is also more complicated because of Z – γ
interference.
The relevant diagrams for the q and Q bases are shown in figures 1 and 2 respectively.
(Implicitly included are the triangle diagrams with the fermions propagating in the op-
posite direction around the loop.) In the q basis, there is no Wess-Zumino term, so the
VVP triangle of figure 1c completely describes π0γ production, while in the Q basis π0γ
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production results from the sum of the VVA triangle of Figure 2c and the Wess-Zumino in-
teraction of Figure 2d. The amplitude for π0γ production via the Wess-Zumino interaction
is
MWZπγ =
ieg22
64π2Fπ
(
1− 4 sin2 θW
)
cos2 θW
νγλ (1− γ5) ν
s−M2Z
εαβνλp1αp2βǫ
γ
ν(p2), (4.1)
where ǫγ is the photon polarization vector. The other amplitudes, computed in the limit
that ǫZLµ (p1) ≈
p1µ
MZ
+O
(
MZ
E
)
, are:
MQπγ = −M
WZ
πγ
[
1− 2
∫ 1
0
dx
∫ 1−x
0
dy
m2Q
(y2 − y)M2Z − xy (s−M
2
Z) +m
2
Q
]
Mqπγ =M
WZ
πγ +M
Q
πγ
MlZγ = −iM
WZ
πγ +O
(
MZ
E
)
MQZγ = −iM
Q
πγ +O
(
MZ
E
)
=MqZγ
(4.2)
where x and y are Feynman parameters. Up to a phase,
MQπγ +M
WZ
πγ =M
q
πγ =M
l
Zγ +M
Q
Zγ +O
(
MZ
E
)
, (4.3)
exactly as the equivalence theorem asserts.
There are several features worth noticing. First, by explicit calculation,MQπγ+M
WZ
πγ
is exactly equal to Mqπγ. This is as it must be since the q and Q formulations are equiv-
alent. Second, the validity of the equivalence theorem is independent of the constituent
quark mass mQ. We see this most clearly in the Q basis where we find that gauge boson
production via quark triangles is equivalent to would-be Goldstone production via quark
triangles, and gauge boson production via lepton triangles is equivalent to would-be Gold-
stone production via the Wess-Zumino interaction. The quark triangles for gauge and
would-be Goldstone boson production have identical mass dependence while the lepton
triangles and the Wess-Zumino interaction are independent of the quark mass.
Finally, for M2Z ≪ s≪ m
2
Q, the quark triangles, M
Q
Zγ and M
Q
πγ are suppressed rela-
tive to the lepton trianglesMlZγ and the Wess-Zumino termM
WZ
πγ respectively, providing
nonvanishing production amplitudes for ZLγ and π
0γ. For s ≫ m2Q, however, the quark
triangles are not suppressed relative to the lepton triangles and the Wess-Zumino term and
tend to cancel them so that the production amplitudes are quite small. For example, at an
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intermediate energyM2Z ≪ s≪ m
2
Q, the cross section for ZLγ production is approximately
s independent,
σZLγ
(
M2Z ≪ s≪ m
2
Q
)
=
αα2W
(
1− 4 sin2 θW
)
3072π2F 2π cos
4 θW
(
1−
s
6m2Q
)
, (4.4)
while at high energy, s≫ m2Q, the cross section falls rapidly with s,
σZLγ
(
s≫ m2Q
)
=
αα2W
(
1− 4 sin2 θW
)
3072π2F 2π cos
4 θW
π4m4Q
s2

1 + 1
π2
(
ln
s
m2Q
)2
2
. (4.5)
Let us now return to reference [1]. Donoghue and Tandean compute π0γ production
exclusively through the Wess-Zumino interaction, while finding that ZLγ production van-
ishes because the quark triangles exactly cancel the lepton triangles. From equation (4.2),
we see that their computation of π0γ production is a valid low energy (and/or heavy
quark) approximation, (s ≪ m2Q so that
∣∣MQπγ∣∣ ≪ ∣∣MWZπγ ∣∣) while their result for ZLγ
production is a valid high energy (and/or light quark) approximation. (s ≫ m2Q so that
MQZγ ≈ −M
l
Zγ) Each is valid within a particular energy regime, but they are never simul-
taneously valid.
5. Comments
One complication that we did not include, though we know it to be present in the
real world, is that the strong QCD forces renormalize the hadronic part of the axial vector
current so that the Q /Aγ5Q term in equation (3.13) should enter with a coefficient gA which
could be determined experimentally. The introduction of gA is the only change that needs
to be made to the Lagrangian in the Q basis. Both MQZγ and M
Q
πγ are multiplied by gA
while the lepton couplings and the Wess-Zumino interaction are unchanged so that the
equivalence theorem remains intact. More complicated modifications must be made in the
q basis,[10] but the conclusions are of course the same.
Another complication that we have not addressed involves enlarging the scalar sector.
This would happen if more than one electroweak doublet were to participate in the conden-
sate. In this case, we would again find the equivalence theorem to be valid. As discussed
above, in the Q basis quark triangle production of high energy gauge bosons is manifestly
equivalent to quark triangle production of would-be Goldstone bosons. Since the strength
of the Wess-Zumino term is determined by the strength of the quark anomaly[13] which,
because of anomaly cancellation is equal in magnitude to the lepton anomaly, there is again
equivalence between gauge boson production via lepton triangles and would-be Goldstone
production via the Wess-Zumino interaction. Thus, the overall equivalence is maintained.
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6. Conclusions
The equivalence theorem is a direct consequence of the BRS symmetry of a spon-
taneously broken gauge theory. Since BRS symmetry is the special form of the classical
gauge symmetry which survives the quantization procedure, the equivalence theorem is a
necessary consequence of gauge invariance. In this letter, we have constructed an explicit
example of how the equivalence theorem is satisfied even in the presence of an anomalous
symmetry breaking condensate. Gauge invariance demands that the anomaly associated
with the condensate be cancelled by some other part of the theory. Together, the two parts
combine to preserve gauge invariance and in so doing guarantee the equivalence theorem.
In demonstrating the validity of the equivalence theorem, we have seen that anomalous
condensate models permit gauge boson production through fermion triangle diagrams. It
may be that there are ‘anomalous technicolor’ models for which this production mechanism
has observable consequences.[15]
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Figure Captions
Figure 1. Feynman diagrams for ZLγ and πγ production with quarks in the q basis. The
Dirac structure of the external ZL /π couplings to the fermion triangles is indi-
cated. The full vertex factors are: 1a) ∓ ig2
2 cos θW
/ǫ(p)γ5 ≈ ∓
i
Fpi /pγ5 for
(
u
d
)
quarks;
1b) ≈ i
Fpi /pγ5; and 1c) ±
mQ
Fpi
γ5.
Figure 2. Feynman diagrams for ZLγ and πγ production with quarks in the Q basis. The
Dirac structure of the external ZL /π couplings to the fermion triangles is indi-
cated. The full vertex factors are: 2a) ∓ ig2
2 cos θW
/ǫ(p)γ5 ≈ ±
i
Fpi /pγ5 for
(
u
d
)
quarks;
2b) ≈ i
Fpi /pγ5; and 2c) ±
1
Fpi /pγ5. Figure 2d) represents πγ production via the
Wess-Zumino term.
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